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Analogously Investigations in Characteristics of

Two-Dimensional Quantum Billiards by Using
Broad-Area Vertical Cavity Surface Emitting Lasers

REHE - BAE - REE  mILA
Yan-Ting Yu, Pi-Hui Tuan, Kuan-Wei Su, Kai-Feng Huang

AXHFE T RE@MHEH A EF4 (broad-area vertical cavity surface emitting lasers) ¥ Jl A28 BT 58 — 42 T 7%
T3 #: £ 4 (two-dimensional quantum billiards) © B 5z 4 R B H VT35 R 335 5 A 7T 5 7 JA b a7 — 4
TTRTHRMEGEETHASHEEM LI - E—FHRRXGHOHA FAHO SR BRET FF
At eV A 391 By AL A% #F (threshold condition) BF » & X B 4484+ (amplified spontaneous emission) & 1 % &
KEZR ETE IR EPEME M - RS » SRR SRR L ZE N 175 R FA4ILE
oy B H I IR T TR FHRAE AL E L (energy level density) e94 B 4F L — 3 > E B4 RE
BERGHEH A FHETRAG B ELLET T ST E TR TR RRETL -

We experimentally confirmed that broad-area vertical cavity surface emitting lasers (VCSELSs) can be utilized to
analogously investigate characteristics of two-dimensional (2D) quantum billiards. We discovered that the near-field
and far-field transverse patterns of a broad-area VCSEL evidently represent the coordinate-space and momentum-
space wave functions of a 2D quantum billiard, respectively. For the optical spectrum of broad-area VCSELs, the
high-resolution measurement clearly demonstrates that over a thousand cavity modes with a narrow linewidth
can be perfectly exhibited in the subthreshold spontaneous emission spectrum. It is found that these subthreshold
spontaneous emission spectra can manifest the signature of photon periodic orbits of the aperture shape, which is
quite similar to the behaviors of the energy spectra of the 2D quantum billiards. Accordingly, it is concluded that the
subthreshold emission spectra of VCSELs can be analogously used to manifest the quantum-billiard energy spectra.
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systems) DA T fR&EF K BLE EE (quantum-
classical correspondence) HYJFREE 5 5 [ LA A Y R
o BLFFESE L B B TR I (quantum chaos)™

T HfERE T ERIE A (two-dimensional billiard
model) 2R/ (f n] A 72 & TR MRS
HRFE AT B B b o R B R A [R5
Ko EG - MEETHEE - K2R
1E ZHEME IR S AL RE PN - R+ AT S AT I E RE
B | #1250 (stationary Schrodinger equation) 43
o $HHRFF 2 B G UK ARG (semiconductor
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& (mean free path) [f » B F{E8 LeA R {T
R [F] & T3 Bk (quantum billiard) YRS Bhk:
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(Helmholtz equation) {EEE: ERYFEM: - fEMA]
B SRR e R B ELpfF 9 - a0 RO S AR
(2D microwave cavities)'"'? « “HERREE B (2D
microdisk lasers)"*"? K EELEARES (optical fibers)
16,17 ,
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et al.) BIEFFF LB ELIBIRA E m S 2
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B SgE - RS0 KEEEM R e
B3R (refractive index) ZAEME A - B/ T E Y
55 AR EALIE 2 LR 58 4 2 59 (total internal
reflection) » [H 52U 85 5 BRI [T P2 [F) 7 A oA 2 L
FimE A E(E (wave vector) HYSEHIEE (planar
waveguide) © 2002 4 » UK E ## KHFEEE E
Je B B LA R R 5 R PR T e AR 28 TR
RO E 8 FLE 4 (Dirichlet boundary condition) °
EH M EFEFIKENRERAEE TS E
By SEMPR RS B R A RS 2 EE 5 (broad-area
vertical-cavity surface-emitting lasers) +& 1 & FH jA%H
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7 (2D time-independent Schrodinger equation)
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(m,n)=(2,1)

(m,n)=(2,3)

B 1.~ TR THREEANTEE -

12 7 PR R R (R L — A SRR = L RE P
HIAHE » FFEUR R v, (x, ) ATESRK

Won (X, ) = stin [k,,, (x + %ﬂ sin {k,, ( y+ %H 3)

Heb o HRERIERER o THETE (2a/2, +a/2)
M (a2, Fa2) H k, = nrla (n = 12.3....) » HE5E
pEe=HlE

222
7°h

Em,n = )
2Ma

(l’l’l2 +n2) (4)

2 J e 5 B B TR T R A R O pR By
SR AflE - H 2 IR ARG -

(m, n)=(1, 2) (m,n)=(2,2)

(m, n) =(3, 3) (m, n) = (20, 20)
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3. 58 TR T HME SUQR) 48T & (a)|Syria

RBA 3) > ATHEEHANEELKAE
(k,) WIPEELZE 157 » (R R 50 B 5 T A T 22 FT Y
FMAIFRA - iE R R T IR - FIANEE & 15
TR R HER IR TR R B BT
Biray © THERELRIR - B IR EERE R T
HLEBNR U MTRARME 2 o 1F 1926 4F - BE T A8
SeAB R Bk B E B ] AR B L (wave packet
state) TEZZfEIFRHES) - WAL T —HEMEEIRT1Y
FHFRE (coherent state) * fHT+REE—FE L - HEE
F R T 26 5y oy R A BT - BT - LA
ot R MR T - AEAYE - AT REE T
B E o AR AR T

BE | AT RERUME S RN I BR AL TR BN 1T
T REEAR - HERRIEM e S H T fEE TR
R FFEUE BBE NI AR 2 8 H A R TRV RR
1995 £ » BERHF (Pollet) S HAAZEBIRA A A &
TSR T-HY SU(2) FHREHEIE H 8 ¥ 16 1 BLAR
[E[HE (classical elliptical trajectory) HYEREFHT-FE
(stationary coherent state)” » JTHEAK » Bk E H i
FHAFRE X ZE R - AF IR T EREER AR
JRE VA o LR R E Y e REAEREth T A L T %
HEBLH GO0 3D 2 e T B 2 RO 8 OF 0 R

72 2,1,7/2
Cs7e 2 yaau(x,y) S12,8,¢/ (x,»)

(60| 2 (0)[SHET ()| s Ao 7 K R R -

RE (nearly degenerate eigenstates) fif 142 NIRHIERL -
HARWEMRE - M FEREE ERYHER
it - BEFRGIREA IR R R ERERE - e —
ERERYBIN - EREFHTRERHH RICHI R e A R N
EEIRVE (|E~(E))/(E)—>0°
BRI T RE - d A EE R DU =
HZ2H (p, q, ¢) Tk - 1 p IR ¢ FonkirhilfE
F5H T BREE KPR st B2 RO REL - ¢ AIERTR
R TEE RS R E - BHIHYUERRER
L(p,q)=2a\p’ +q* - ¥ SU(2) ERERETREHIH
@ SPETETIREEEE S EERYE @ 9
@) I PR AT AT R0

P
H
P
H

YR (x, y)
- (5)

+iK.
= Cux ™ YN+ pk pN+g(M-1-K) (X5 1)

1 (M 1/2
b N AT R R cM,K=2—M(Kj
|
%%E%%ﬁzu&(Z}mﬁﬁiiﬁa’t%%
(binomial coefficient) » A3 (5) =&

73 B £ %k > B P A REANE

FHEITAME=1THBE5E "5 102.10 57



SEG (6 0) = ¥R e £ ¥R () - 12 7y
B RS B AV AH T RE ] R 1 2
@125 o 8] 3(a)-3(b) Ry W {E T & 0 T ER Ay
SU(2) TR T8 | SiiZ (e, )| B |SHELE e, )| O
IR AR -

ALK - AR ] RV B R - A Al
St (nonintegrable physical system) HYFFEE RS
W5 T S RS | A Fe Pk o AN ARt
HY B S B BRI S B R A E Uy - FLRER
R LR (R & 2E AR AR R S - 7R 1
HRERMA BTN S BB 11T R 2
R+ o G IEIRE F BRE BT IR B S22 AHE
KR 1974 5 i85 % (Bunimovich)™
WG IEFTEER T o BB BT TR
& - FrERERERY BRI R I ORE - VAR EE T
E5r i TR FRAMIA R 2R B (expansion
method of eigenfunction)®” 7372 °

4 B AEREG TR & iR 1 BREE A S AN ]
W RF ke pR B s ATl - RIDLE - SR
Rz R B2 B H AR R B 5 AT RS I 0 R R B
FEDE A ORI IS EE (Berry’s conjecture of
chaotic waves)®® » [HFEEZ - HINEUETE
I - ERIEGIVIGEFAE x Ky B HE A ETE
P R H IR R B3 AT AT R R e S R B
SR MR AR TR R AT R R 50T £

4.

G HBRET
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5] P 2 20 o B 88
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Frameginh = RV EMEERBINHEE
HEERIGID IR E T8 ERIE » [ 5 Ry BT i oH
REFI pREEE 7311 (RBAREMY - % 2B 540
BHEEFaSA D, SR e 5 P IR BR AR
TELPE -

St ZHEERIG IR B8 BRI bR B
TR —SER R - BRI R B R A
PR EEAHIE (unstable periodic orbits) b » [
SEH - BRI G HE R ARE L HEEE
ALK BN ANFAE » E RS R a e E
HERE ST R » S R E et
1980 fFEHEZEE A (McDonald) ik = (Kaufman)
HEEFCY  1F 1984 4F - Y85 (E. J. Heller) HIFHH
Afine B e U R EAE » WAz ek TR
(scars) | ©% BIRERE MR P AR ET IR
FAE - B 6 Rys&{E —HEERG PN &1 1 ERIEH

TR, -

B &= 22 (momentum space) s i ik IR 78
KIS —{E 720 - E TR 2 E R -
W IR RE B AARE R & R EGE 1 A 22 ) e 3 A ok
f& (localization effect)® - iR{EE T /182 - BhEZe
R PRI (67 B 2 PR PR SR (T T A ¢ - [ 7
GV ETETHRE (0, 0. ¢) = (1, 1, 7/2) SUQ2) ERE
TR (E 7(a)) LIRS PIR & ERER
B (8 7(b)) WIBhEZ2 MR RS B R
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B 7.

(a) 72 TRTHE (p, ¢, 9)
= (1, 1, z/2) SUQ2) =& f&4aTF &
AR (b) HBHHKE TR FH®
AR R 6 By R P O R
A e @)

SR T IRER SU(2) EREAHTRRE = 5 1Al
& HOsE AR R B E 22 - TR B B2
B3 AR HIE 25 5 A Bt i ELA AN ]

2. EFEFHMERYAEREEE

IR BLE) T B R MR RE B S R A AT
BRI ReRE B HEER - 2N EE A EE
i E B T EER R A B T R E T R BRI -
1950 F-/cA » BR&AN (Wigner) 1] FH B A o 2 B
(random matrix theory) 73 HT & T AMAVREREHATTE
B B REREHY R AT R e PR /3 AT (nearest-
neighbor eigenvalue spacing distribution) P(s) 7] & &
& f5 H AT R EGR N AT TRV RHE © P(s) BY s JHRERE
MRz HERR s, = (B, — E,)/(s) » EH()
Elr—LEE » P(s)ds WEFREERELEHENE (5 s+
ds) WHE—(EFF ERe EAIHER - IRISH G S A4S
B HRATHEE TR - REREAYRET /1A R 2 T A2
434 (Poisson distribution) * B[]

P(s)=e¢"’ (6)
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(b)

oo fme P(0) — 1 BB HEERTE (level
clustering) FYHLE : S5—J7H » NA[FHEEF R
HIE e HFH A HEF (level repulsion) HILEA]
B P(0) — 0 » RERRALET 5371 RIS E iR A& A 43 A1
(Wigner distribution) » FER=AT :

P(s)= %se{zszj (7

&l 8(a) Eil [ 8(b) 437k —HE STV KRGV IRE T
G EREERIRERR A AT AT - AIEE G THI - — 507
ki & ME R 7347 B AR AW 53 AT o

RERR ARG o3 M FR L HI B & R B it mI R B A
ATRERUIKER - (EfRE P& R =R
IREH# — W EIEHEE(LHHA] (Bohr-Sommerfeld
quantization rule) * BEFEHIEALIFILIUAIR HEHIE
T ORI AR T EE) - A2 Al H FHITRE AR
HE R RSTR - AR - AR AIEET
S+ L T R AR S Ry R AL HL AR
Y (chaotic) » ¥ G A B LEEFE AR TEE
We 2 & 1917 4F » ZAHTHH (A. Einstein) & it fE
BLRTREYY > (HMRER SR -



Poisson
Numerical datal
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(a) S
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Poisson
———Wigner
08k Numerical data|
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P(S)
04 F
0.2k
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(b) S

8. =4 (a) FH & (b) MMM E TR TFHIEORAL T A -

F7 1970 5 - E28E#) (Gutzwiller) f2H 76
HHIFHAT (trace formula) » FIFH i BT PLE 55
MritbfeTE - BEmHEE RS E A d ARIR T (classical
limit) NMEERH L AR EETE - FEEIRA
AT E T RAMAVRERE A E N - FER AT - Bz
WIEEF OIREE R - R ENTE - OF
AT B B B 2 R = L e B BRI M L B
(periodic orbit theory) EFEREZK - B2 T » BAMHF
%0 7T AE /A 2R E BRI E L AR A B 1 -

R LA - & FRMATREFL &
& p(E) BHEEE(LIE p(E) MIREME p,(E) H
{EER 3 AH Y+ #ic a 2H /2 H ¥ T R 9 &
S,(E) (actions) RIE - REREE Al Al Fm Ak,

P(E) = po(E)+ Posc (E)

o (8)
= po(E) + Zzpv,y COS{V(@_%‘IJ}

v=l u

Hep o 28 u TEGEE0E - 1 ov=1,2,.. BlE
I EHARSERIEER (recurrences) © A & 78 FER
BERHE - (EFIE S(E)h AIREC AL, - HA k 2
oM L, EEWUERRE - 1R A @) 7
BYE=154

k)= 5(k—ky)
o ©)
= po(k)+ 2. pvucos[v(kL, — )]

v=l u

Hepo k, RyBEALREL - FAF (9) MuEiTZEm i
Aa]{S2]

D=3 [" 50k - k)™ dk
PFT ,,Z:; J.—oo (10)

= J_Z Po(k)e™ dk + Z iﬁv,#e_m" S(L-vL,)

uov=l

N (10) FEHIRERE 25 S RSB L I AR i R &
BEEE (length spectra) ppr(L) BIEREZEE 2 —F
FIRJIE(E - BER BB EYUER ERE
HIfE L = vL, - MEZ - BT RHAIRERE S RERE
B AT A R HOE AR EE R - & 9(a) ELRE 9(b)
SRR —#EA T RS IRE T ERER R
A pEERERY L BUE BB R EIE A R - A
HIE » BHREBRGIVRETEFIRKE - 2 RBE R
HAWE S TR 2K -

= FAXKEEmHEEHELLHRE
ETEFERIE

1. XEEEHEEHEE R LSISFEEN

£ 1970 FHE - ESTESH K. Iga LE&7E

W e Y > MR InGaAsP/InP [&

B AU B AR M PR BT B R R T By 77 K B

SR InGaAsP/InP T &1 1 8 54 B B BV #E T 5

#&©& (nonradiative recombination) [ » 35 & R
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L2 |

Length spectrum Pr(L)

%  Characteristic length

] el
T
R

Length spectrum P(L)

0 1
(a)
|pFT(L)|2 :
9.
— % (a) FH A (b) BHH
KT AR 60 K R h
lorr(L)] ° (b)

HE A I RE S - % &P (qQuantum
well) RATHIAE S5 At (DBRs) 5[5 » KK
ME TSR E RS R FEREREE
(LRI BB B i R S = I Th 3R H o I E= A
DIH M T BB ENSE (E ) o 53— (i R o i B 2 2
HERER R R R T 1E LB g s (R IRAEE
(confinement) * & A A IG5 5 | (gain guiding) &Y
EHTEIR 2 FSE S | (index guiding) 2KFERL -
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Metal contact

p-type DBR

Oxide layers
Active layer

n-type DBR
Metal contact |

10. &4+ B F AT oY LE AR -

EaRLEA R S LR IR S A R S HS T -

10 RSt AU ST e e - H2F A
e BALERAYFEE (metal-organic chemical
vapor deposition) * BF & % g & FHHYEH)
Jg (active region) PUK 3888 73 BAT R A& S 5T
#% (distributed Bragg reflector mirrors) 7 HYZE B
FIEERE (vertical cavity) » FEEZHEAF (well)
FeEBlE (barrier) TRy 70 A1 100 A BRI
Al 7Gag 93As-Aly 36Ga g,As AL - LB EHEE
KAV — BN R RV BUR A - F T 11 S AU 25 S
HHEENEAEEER - FEIEE RS
1fi (gain profile) K IR MERYERE 2 FTHY 72 (H 76 %
(detuning) BLUEEEET - FEIL - FEEFEEAR 2.5
THz < Aw/27 < 3.5 THz * bR TI@ B AR RS
B SR HEER 3 B R 23 & 29 FIFTRSEL (wet
oxidization) Y7 Zl A I A EEAER 425 °C »
HIZ2 MY SR - BB Free B E S A E
TEARBIFLIE RN ©

T B T AT L B R B AR (VP -
1gd2I0PE (x, y, z, 1) = 0 HIBHPEEH (waveguide
theory)*” » E G T EINE - HAERER - HolFk
54 E(x, V,z,0) = E(x, yye'bz o0 Hih g BUE 2 75

AR AR o ZAEEE > FOLEE x TR
SRIEIRIR » W E(x, . 2, 0) 2 AREY AR - AT

k|
(Vi +kDE(x,»)=0 (11)

Hep o v FoRE R ERE A B RS RREE T
(Laplacian operator) * [} k3 = pgw’ — k> R A
& S - AR TEEE KA LA AR RTE
RAE - GTEEAE TR T2 » 5K - b
& SR Ex, p)liyes = 0 ° 20 (1) $5H - |
B RUEE B 85T T TR IR EE 4 T AR = - R R
= ERE P R E REEE T A& TR R
BT R EAY - PLSEE M 1 5 AU EE B A A A
Fettge —ae R B - (ES— AT - HS A
BT ES B SR B S B L T BT R B Bk
BAS  BEAHREFEEEEESE EEN
(o BET I > {H A A AR I PR A T R 1 5 R
FELEIFFE & 158 BRI R -

2. BEERIE

11 HEBEERER - FAMEHE 78 R i
SR F LI A R T [ 5 2 5 G Y 1T A [ B
B ROt S - AL RS A S AR RA Ry
40 pum » BESIARFLIS IS BY 25 S IR AT 8 53 51 Ry
60 um fz 30 um * FEHEHIOERREHR 800 nm + 5
TYERERE RN AR S - R A E R IR IR R
Hh R EERIAIRRE MRy 0.1 °C » BRENE RIS
FyFEELFE (electrical pumping) @ FlFHYEREREE R 0.01
mA BB R ER TR E B - BN B AL
AR EEFLIRBIBETERY) 85 (Mitutoyo, NA = 0.9)
RUEH » 3 HERF B SR 5 R ER 53 - H
— ABTE CCD HHBEITITESEE (near- and far-
field patterns) il » UL 5 A FH —{EE 7 A
ALERL SIS - B R
BT R = Y3 (Advantest Q8347) » HiJFEHFI|
i TW{#E (Michelson interferometer) &0 {817
TESERE A 0 mHE 0.002 FORAERERENTE n #h E
B Al - TES AL EE BT AR A RE AT DA e T &
TSI AT HA AR -
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Square-Shaped  Stadium-Shaped
VCSEL VCSEL

Power Supply
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11. Cryogenic
System

Retlected
Mirror

High-resolution
[\ 4 optical spectrum
analyzer

Collimated
Lens

CCD Camera

-----

3. ERBERR S

1R TE S LR BT A BRMELR - HEnias (i i
FRREE AR R B OB AR AT R SRR B R
LR EREEIRE - L (EFRE A HE S AR
I R R - EENE R i g BB
% (blue shift) ML= EFREEEBEA - FEHAMERA
FEERPERAEEERE - 52 - BaHETEEN
BERE - ik H B S a2 -

12 Ry RE BB T - 5 B R A S 7
BN ERER RIS A - P30 pl 23 0
K28 (p, @) = (1, 2) HSEIABUE (8 12(2)) » /2
EEEIAERE (E1200) ARZ2H (0, 9= (1, DB
EIHE (E12(c)) - AENERDENR - B
YT PTG IR RERY & AL 2 R B - T e T

12.

TRBERET @ 7 XEH 2
& 4t A S A B AR AT 69 U o /f ‘
Ao AWy R 2 (a) HH

BT 5 (p,q)=(1,2) #98 M i
P (b) AL HIBHEE A ;
B o(c) ¥ (p,q)=(,1) 848

HA il o (a)
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TERZHA R R HER N ES - BAERD
= HEREL HEAREREE TR AEANE
BV - B RS 20 e 1) R 8 FE ] A1) FH Ff ke — e
EEFERER 1T REY SUQQ) EREMT-REE e
0 B 13 DL (5) AHEERETERY SUQ) EREHT
FE[SIT (e )| (I 13(2)) ~ g i (x, )-sin(0.357) +
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